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Quantum n-body correlations cannot be explained with (n − 1)-body nonlocality. However, this genuine
n-body nonlocality cannot surpass certain bounds. Here we address the problem of identifying the principles
responsible for these bounds. We show that, for any n ≥ 2, the exclusivity principle, as derived from axioms
about sharp measurements, and a technical assumption give the exact bounds predicted by quantum theory. This
provides a unified explanation of the bounds of single-body contextuality and n-body nonlocality, and connects
two programs towards understanding quantum theory.
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Introduction.—Bell showed that quantum theory (QT) vio-
lates bipartite inequalities satisfied by local realistic theories,
called Bell inequalities [1]. Similar violations occur for sys-
tems of three or more parties [2]. However, this so-called
“quantum nonlocality” is just the tip of an iceberg. Svetlichny
showed that QT also violates tripartite inequalities satisfied by
theories in which arbitrary correlations (even signaling ones)
are allowed between two of the three parties, but only local
correlations are allowed between these two parties and the
third one; the pair with arbitrary correlations may be different
in each repetition of the experiment [3]. Indeed, as shown in-
dependently by Collins et al. [4] and Seevinck and Svetlichny
[5], this phenomenon is even more general: QT violates n-
partite inequalities satisfied by theories in which arbitrary cor-
relations are allowed among k parties (with 1 ≤ k ≤ n − 1)
and also among the other n−k parties, while only local corre-
lations are allowed between the first k parties and the second
n − k parties; again, the sets of k and n − k parties may be
different in each repetition of the experiment. This means that
(n − 1)-partite nonlocality cannot explain n-partite quantum
correlations. In this sense, QT exhibits “genuine n-body non-
locality.” Recently, genuine three-body nonlocality has been
observed in experiments with photons [6], even under strict
locality conditions [7], and also with high detection efficiency
[8]. In addition, genuine multipartite quantum nonlocality
free of the detection loophole has been observed with trapped
ions for up to n = 6 [9].
The existence of a gap between the maximum quantum vi-
olation of the inequalities detecting genuine multipartite non-
locality and the maximum violation allowed by nonsignaling
[3–5] adds a new perspective to Popescu and Rohrlich’s ques-
tion of why nature is exactly as nonlocal as predicted by QT,
but not more or less nonlocal [10]. The question now becomes
why is nature exactly as genuinely n-body nonlocal.
There are two different programs towards understanding
quantum correlations from first principles. On one hand, there
is the “black box” program, which deals with correlations pro-
duced by local demolition measurements in multipartite sce-
narios. This approach makes no assumptions on the internal
working of the measurement devices (which are treated as
black boxes) and pays no attention to the postmeasurement
state and, consequently, restricts its attention to a particular
class of “quantum correlations,” namely those represented by
joint probabilities p(a1, . . . , an|x1, . . . , xn) of obtaining out-
come ai when measurement xi is performed on body Xi, as-
suming that the recording of ai and the choice of xj can be
spacelike separated for all pairs in which i 6= j. Although
this approach has explained some quantum correlations [11],
including the quantum limits of the inequalities detecting gen-
uine n-body nonlocality [12], it cannot explain quantum cor-
relations in contextuality scenarios [13]. Moreover, it has
been proven that the principle used in Refs. [11, 12] cannot
explain the impossibility of some nonquantum extremal non-
local boxes in the three-party, two-setting, two-outcome sce-
nario [14]. In addition, there is increasing evidence that the
black box program, with independence of the principle in-
voked, cannot explain all nonlocal quantum correlations [15].
In contrast, the “sharp measurements,” “graph-theoretic,”
or “contextuality” program [16–18] deals with correlations
produced by “sharp” measurements, as defined in the frame-
work of general probabilistic theories (GPTs) in Ref. [19],
namely, a measurement is sharp when it is repeatable (i.e.,
it does not perturb any subsequent implementation of the
same measurement) and minimally disturbing (i.e., it does
not disturb the other measurements with which it is com-
patible); see also Ref. [20]. Within this program, “quan-
tum correlations” are those represented by joint probabilities
p(a, . . . , c|x, . . . , z) in which x, . . . , z are sharp and compat-
ible (but not necessarily spacelike separated) measurements.
For sharp measurements, an “event” is a transformation that
turns the initial state of the system into a new state. An event
is characterized by the outcomes of a set of sharp measure-
ments on the initial state; e.g., an event can be labeled as
(a, . . . , c|x, . . . , z). Two events are equivalent if they corre-
spond to indistinguishable transformations. Two events are
exclusive if there exists a sharp measurement that contains
both of them. Within this program, the exclusivity (E) princi-
ple [21] states that any set of m pairwise exclusive events is
m-wise exclusive. Therefore, from Kolmogorov’s axioms of
probability, the sum of the probabilities of m pairwise exclu-
sive events cannot exceed 1. However, the E principle is not
implied by Kolmogorov’s axioms; there are theories satisfy-
ing Kolmogorov’s axioms which do not satisfy the E principle
[22]. On the other hand, the E principle is implied by some
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2fundamental principles proposed to derive QT [19, 23, 24].
The E principle has explained the maximum quantum vio-
lation of the simplest noncontextuality inequality [21] and ex-
cluded any set of probability distributions strictly larger than
the set of correlations achievable with quantum systems for
any self-complementary exclusivity graph [25]. The exclusiv-
ity graph of a set of events is the graph in which each event
is represented by a vertex and there is an edge if and only
if the events at the end points are exclusive. By making an
additional assumption, the E principle has also explained the
Tsirelson bound of the Clauser-Horne-Shimony-Holt (CHSH)
Bell inequality [26]. The E principle applied to the device-
independent program is called local orthogonality and has ex-
plained why all extremal nonlocal boxes in the three-party,
two-setting, two-outcome scenario are not feasible in QT [27].
The aim of this Letter is to show that, within the framework
of GPTs as defined in, e.g., Ref. [19], the limits of the n-
body nonlocality predicted by QT for the scenario considered
in Refs. [4, 5], namely, n parties, each with two possible mea-
surements, and each with two possible outcomes, are exactly
singled out by the following assumptions: (i) Every measure-
ment can be realized as a sharp measurement on the system
and the environment. (ii) A sharp measurement on system A
and a sharp measurement on system A′ is a sharp measure-
ment on the composite system AA′. (iii) The coarse graining
of a sharp measurement is a sharp measurement. (iv) There
exist some dichotomic measurements x1 = 0 and x1 = 1 on
system A, and x′1 = 0 and x
′
1 = 1 on system A
′ such that
A00 and A11 are compatible and A01 and A10 are compatible,
where Aij are dichotomic measurements on AA′ giving 0 if
the results of x1 = i and x′1 = j are equal, and 1 otherwise.
Assumptions (ii) and (iii) imply the E principle [19].
Maximum quantum violation of inequalities to detect gen-
uine n-body nonlocality.—We focus on the inequalities to de-
tect genuine n-body nonlocality, with n ≥ 2, introduced, in-
dependently, by Collins et al. [4] and Seevinck and Svetlichny
[5]. There is one inequality for each n. It can be written, to-
gether with its maximum quantum violation, as
Sn
H≤ 2n−1 QT≤
√
2× 2n−1, (1)
where “
H≤ 2n−1” indicates the tight bound for hybrid theories
in which arbitrary correlations are allowed among k parties
(with 1 ≤ k ≤ n− 1) and also among the other n− k parties,
while only local correlations are allowed between the first k
parties and the second n − k parties; and “QT≤ √2 × 2n−1”
indicates the tight bound in QT. Sn can be defined recursively
from
S2 = 〈x0x0〉+ 〈x0x1〉+ 〈x1x0〉 − 〈x1x1〉, (2)
where 〈x0x1〉 denotes the mean value of the product of the
outcomes (+1 or −1) of x0, measured by the first party, and
x1, measured by the second party. The recursive formula is
Sn = 〈Sn−1x1〉+ 〈S¯n−1x0〉, (3)
where S¯n−1 is obtained from Sn−1 by exchanging x0 and x1,
and 〈Sn−1x1〉 must be interpreted as in the following exam-
ple:
S3 =〈x0x0x1〉+ 〈x0x1x1〉+ 〈x1x0x1〉 − 〈x1x1x1〉
+ 〈x1x1x0〉+ 〈x1x0x0〉+ 〈x0x1x0〉 − 〈x0x0x0〉.
(4)
For n = 2, the inequality reduces to the CHSH inequality and
the quantum bound to the Tsirelson bound.
Explanation of the quantum bounds.—For convenience, we
relabel party i’s measurement outcomes ai ∈ {+1,−1} as
bi = (1− ai)/2, so that bi ∈ {0, 1}. Then, expression (1) can
be rewritten as
Σn
H≤ 3× 2n−2 QT≤ (2 +
√
2)× 2n−2, (5)
with
Σn =
∑
(x1, x2, x3) 6= (x1, x1, x1)
b1 ⊕ · · · ⊕ bn = 0
p(b1, . . . , bn|x1, . . . , xn)
+
∑
(x1, x2, x3) = (x1, x1, x1)
b1 ⊕ · · · ⊕ bn = 1
p(b1, . . . , bn|x1, . . . , xn),
(6)
where the first sum extends to all x1, . . . , xn such that x1, x2,
and x3 are not all equal, and to all b1, . . . , bn such that b1 ⊕
· · · ⊕ bn = 0, where ⊕ denotes addition modulo 2. Similarly,
the second sum extends to all x1, . . . , xn such that x1 = x2 =
x3, and to all b1, . . . , bn such that b1 ⊕ · · · ⊕ bn = 1. The
relation between Sn and Σn is
Σn =
Sn
2
+ 2n−1. (7)
In the framework of GPTs, it is assumed that the state
of two systems can be prepared and measured indepen-
dently, and that the same experiment can be done twice,
generating exactly the same probability distribution. Let
us consider two independent copies of an experiment test-
ing Σn for a given n ≥ 2; one copy in Stockholm and
the other in Vienna. If we denote an event in Stock-
holm by (b1, . . . , bn|x1, . . . , xn) and an event in Vienna by
(b′1, . . . , b
′
n|x′1, . . . , x′n), the probability of the global event
(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n) is
p(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n)
= p(b1, . . . , bn|x1, . . . , xn)× p(b′1, . . . , b′n|x′1, . . . , x′n).
(8)
The sum of the probabilities of the events
(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n) in which
both the Stockholm and Vienna parts are in Σn is Σ2n.
Similarly, the sum of the probabilities of the events of
the type (b1, . . . , bn, b′1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n) in
3which both the Stockholm and Vienna parts are not in Σn is
(2n − Σn)2. The term 2n comes from the fact that there are
2n different “contexts” (x1, . . . , xn) in Σn and that the sum
of the probabilities of the events in a context is 1.
In these two sums there are, in total, (4n × 4n)/2 events
(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n). These events
can be distributed in 4n disjoint sets, each set containing
2 × 4n−1 pairwise exclusive events. These disjoint sets are
constructed recursively from the corresponding sets for n = 2,
which are described in Table I.
Given the sets of pairwise exclusive events
(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , xn, x′1, . . . , x′n) for n par-
ties, the corresponding sets of pairwise exclusive events
for n + 1 parties are constructed as follows. Take each
one of the sets for n parties and add, to each of the
events, new components (bn+1, b′n+1|xn+1, x′n+1), with
(xn+1, x
′
n+1) chosen from {(0, 0), (0, 1), (1, 0), (1, 1)} and
all (bn+1, b′n+1) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}. This way,
each set for n parties gives rise to four sets for n + 1 parties;
each of them having four times more elements than the
original set for n parties. Since the sets for n = 2 parties are
disjoint, the sets for arbitrary n are also disjoint.
Now recall that we are assuming that measurements are
sharp. Therefore, there is the possibility of performing
extra measurements after those used to label the events
(b1, . . . , bn, b
′
1, . . . , b
′
n|x1, . . . , x2, x′1, . . . , x′2). Let us con-
sider four possible measurements Aij , with i, j ∈ {0, 1}. Aij
is a measurement on the particle of the first party in Stockholm
and the particle of the first party in Vienna. By definition, Aij
gives 0 if b1 = b′1 (i.e., if the results of x1 = i and x
′
1 = j are
equal), and 1 if b1 6= b′1. From assumptions (i)–(iii), it follows
that Aij is sharp and compatible with x1 = i (the measure-
ment of the first party in Stockholm) and x′1 = j (the mea-
surement of the first party in Vienna), since Aij is realizable
by joining outcomes (0, 0) and (1, 1) of the sharp measure-
ments (i, j) into outcome Aij = 0, and outcomes (0, 1) and
(1, 0) into outcome Aij = 1.
Now we recall assumption (iv): There exist some measure-
ments x1 = 0, x1 = 1, x′1 = 0, and x
′
1 = 1 such that A00 and
A11 are compatible and A01 and A10 are compatible. Notice
that this assumption is weaker than assuming similar compat-
ibility relations for those measurements that maximize Σn.
For these x1 = 0, x1 = 1, x′1 = 0, and x
′
1 = 1, we
can add a new event of the type either (c, d|A00, A11) or
(e, f |A01, A10) to each of the sets of pairwise exclusive events
constructed before in such a way that the new set contains only
pairwise exclusive events. For example, to each of the sets of
pairwise exclusive events for n = 2 parties described in the
left-hand side of Table I we can add the event displayed in the
right-hand side of Table I.
For these x1 = 0, x1 = 1, x′1 = 0, and x
′
1 = 1, since each
Aij can only give outcomes 0 and 1,∑
c,d∈{0,1}
p(c, d|A00, A11) = 1,
∑
e,f∈{0,1}
p(e, f |A01, A10) = 1,
(9)
where c, d, e, f are the outcomes of A00, A11, A01, A10, re-
spectively.
Recall that assumptions (ii) and (iii) imply the E principle
[19]. Therefore, for each set of pairwise exclusive events, the
sum of their probabilities cannot be larger than 1. This can be
expressed as an inequality. We will refer to these inequalities
as “E inequalities.” There is one E inequality for each of the
4n sets of pairwise exclusive events constructed before. If we
sum the corresponding 4n E inequalities and take into account
(9), we reach to the following inequality:
Σ2n + (2
n − Σn)2 + 4n−1
E≤ 4n, (10)
where the origin of the terms Σ2n and (2
n − Σn)2 has been
explained before, while 4n−1 follows from the fact that there
are 4n−1 sums like those in Eq. (9), and 4n follows from the
fact that we are summing 4n E inequalities. See Supplemental
Material [28] for extra details.
From inequality (10), we can conclude that, for those x1 =
0, x1 = 1, x′1 = 0, and x
′
1 = 1 such that A00 and A11 are
compatible and A01 and A10 are compatible,
Σn
E≤ (2 +
√
2)× 2n−2. (11)
The upper bound in inequality (11) also holds when A00
and A11 are incompatible and/or A01 and A10 are incompati-
ble. This follows from the following result.
Theorem 1.—For any GPT only restricted by assumptions
(i)–(iv), if these assumptions enforce that∑
ei∈V
p(ei) ≤ ϑ(G) (12)
for a particular set of events {ei}whose exclusivity graphG is
vertex transitive, has vertex set V , and Lova´sz number ϑ(G),
then ∑
e′i∈V
p(e′i) ≤ ϑ(G) (13)
for any other set of events {e′i} whose exclusivity graph is G.
We remind the reader that G is vertex transitive if for any
two vertices {v1, v2} ∈ V there is some automorphism f such
that f(v1) = v2. ϑ(G) is defined in, e.g., Refs. [16, 17, 29].
Proof.—By contradiction. Let us assume that there is a set
of events {e′i} such that
∑
e′i∈V p(e
′
i) = ϑ(G)+, with  > 0.
Let us denote by G the complement of G (i.e., the graph with
the same vertex set as G and such that two vertices are ad-
jacent if and only if they are not adjacent in G). Assump-
tions (i)–(iv) allow for the existence of a set of events {e′′i }
4(0, 0, 0, 0|0, 0, 0, 0) (0, 1, 0, 1|0, 0, 0, 0) (0, 0, 1, 1|1, 0, 1, 0) (0, 1, 1, 0|1, 0, 1, 0)
(0, 0, 1, 1|0, 0, 0, 0) (0, 1, 1, 0|0, 0, 0, 0) (0, 0, 0, 0|1, 0, 1, 0) (0, 1, 0, 1|1, 0, 1, 0)
(0, 0, 1, 1|0, 0, 0, 1) (0, 1, 1, 0|0, 0, 0, 1) (0, 0, 1, 0|1, 0, 1, 1) (0, 1, 1, 1|1, 0, 1, 1)
(0, 0, 0, 0|0, 0, 0, 1) (0, 1, 0, 1|0, 0, 0, 1) (0, 0, 0, 1|1, 0, 1, 1) (0, 1, 0, 0|1, 0, 1, 1)
(0, 0, 1, 0|0, 0, 1, 1) (0, 1, 1, 1|0, 0, 1, 1) (0, 0, 1, 1|1, 0, 0, 1) (0, 1, 1, 0|1, 0, 0, 1)
(0, 0, 0, 1|0, 0, 1, 1) (0, 1, 0, 0|0, 0, 1, 1) (0, 0, 0, 0|1, 0, 0, 1) (0, 1, 0, 1|1, 0, 0, 1)
(0, 0, 0, 0|0, 0, 1, 0) (0, 1, 0, 1|0, 0, 1, 0) (0, 0, 1, 1|1, 0, 0, 0) (0, 1, 1, 0|1, 0, 0, 0)
(0, 0, 1, 1|0, 0, 1, 0) (0, 1, 1, 0|0, 0, 1, 0) (0, 0, 0, 0|1, 0, 0, 0) (0, 1, 0, 1|1, 0, 0, 0)
(1, 0|A00, A11)
(0, 1|A00, A11)
(0, 0|A00, A11)
(1, 1|A00, A11)
(0, 0|A01, A10)
(1, 1|A01, A10)
(1, 0|A01, A10)
(0, 1|A01, A10)
TABLE I: Left-hand side (i.e., first four columns): Each row represents a set of eight pairwise exclusive events of the type
(b1, b2, b
′
1, b
′
2|x1, x2, x′1, x′2). Only four events are displayed; the other four are obtained by applying to each of the four events the trans-
formation (b1, b2, b′1, b′2|x1, x2, x′1, x′2)→ (b1 ⊕ 1, b2 ⊕ 1, b′1 ⊕ 1, b′2 ⊕ 1|x1, x2, x′1, x′2), where ⊕ is the sum modulo 2. Other eight sets of
eight pairwise exclusive events can be obtained by exchanging the roles of the cities, i.e., by applying to each of the elements of each of the
previous eight sets the transformation (b1, b2, b′1, b′2|x1, x2, x′1, x′2) → (b′1, b′2, b1, b2|x′1, x′2, x1, x2). The resulting 16 sets of eight pairwise
exclusive events are disjoint. Right-hand side (i.e., fifth column): Event of the type (c, d|A00, A11) or (e, f |A01, A10) which is exclusive to
each of the eight events in the same row of the left-hand side. The corresponding event for each of the other eight sets not displayed in the
table is obtained by applying to the corresponding event in the right-hand side the transformation (g, h|Aii′ , Ajj′)→ (g, h|Ai′i, Aj′j).
with exclusivity graph G and probability assignments satisfy-
ing
∑
e′′i ∈V p(e
′′
i ) = ϑ(G), for any G. For instance, QT is an
example of a GPT that satisfies both assumptions (i)–(iv) and
that there is a set of events {e′′i }with exclusivity graphG such
that
∑
e′′i ∈V p(e
′′
i ) = ϑ(G), for any G [16, 17].
Now suppose that {e′i} and {e′′i } correspond to two inde-
pendent experiments. IfG is vertex transitive, then the E prin-
ciple enforces∑
e′i∈V
p(e′i)
∑
e′′i ∈V
p(e′′i )
 E≤ |V |, (14)
where |V | is the cardinal of V [25] (see also the Supple-
mental Material [28]). However, if G is vertex transitive,
ϑ(G)ϑ(G) = |V | [29], thus inequality (14) is incompatible
with our initial assumption.
In our case, {ei} is the set of events in Σn. Their exclusivity
graph is vertex transitive and has as Lova´sz number the right-
hand side of inequality (11). Therefore, Theorem 1 guarantees
that inequality (11) also holds for any choice of local measure-
ments. This finishes the proof, since the bound in inequality
(11) is exactly the quantum bound in expression (5).
Conclusion.—By adopting the framework of GPTs (as in,
e.g., Ref. [19]) and making assumptions (i)–(iv), we have
presented a simple explanation of the quantum limits of the
n-body nonlocal correlations [3–5] recently observed in sev-
eral experiments [6–9]. This result is important because it
shows that these limits and those of single-body contextuality
[21, 25] admit a common explanation: the exclusivity princi-
ple, which can be derived from assumptions (ii) and (iii). This
unified explanation is specially important since it shows that
all these limits for correlations naturally derive from phys-
ical principles independently proposed to reconstruct quan-
tum theory [19]. This points out the convergence between the
two main programs towards understanding quantum theory,
namely, identifying the principles of correlations and recon-
structing the theory from physical postulates.
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